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[xdx=%+c
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dx ~ X

Chain Rule: 279D — f/(g(x))g' (x)dx
Product Rule:

(f(x)g(x)) = F(x)g(x) + f(x)g'(x).
d(uv) = udv + vdu

Integration by Parts: [udv = uv — [ vdu.
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‘ Continuous Probability 1 ‘

. pdf: PriX e (x,x + 6]] = fx(x)6.

CDF: Pr{X < x] = Fx(x) = lims_o ¥ fx(xi)8 = [*.. fx(y)dy.
X~ Ula,b]: fx(x) = g21{a< x < b}; Fx(x) = =2 fora< x < b.

X ~ Expo(L):
fx(x) = Aexp{—Ax}1{x > 0}; Fx(x) =1 —exp{—Ax} for x <0.

Target: fy(x) =2x-1{0 < x <1}; Fx(x) =x2for0 < x < 1.

. Joint pdf: PriX € (x,x+38),Y = (y,y +8)) = fx.y(x,y)82.

x.y(%.y)
fy(y) -

6.1 Conditional Distribution: fxy(x,y) =
6.2 Independence: fyy(x,y) = fx(x)
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Joint Continuous in d variables: “outcome” is € RY.
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Probability!
Challenges us. But really neat.
At times, continuous. At others, discrete.

Sample Space:Q, Pr{a]. Random Variable: X
Event: Pr{A] = ¥pca Pr{o] Event: A= [a,b], Pr[X c A,
Yo Prio] =1. CDF: F(x) = Pr[X < x].

Random variables: X(w). . _ dF(x)
Distribution: Pr[X = x] PE}E ;83 B 1 ax -
Y PriX=x]=1. - o

Continuous as Discrete. L&
Pr(X € [x,x+0]] ~ f(x)d

)
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Conditional Probabity.

Events: A,B

Discrete: “Heads”, “Tails”, X =1, Y =5.
Continuous: X'in [.2,.3]. X € [.2,.3] or X € [.4,.6].

Conditional Probability: Pr[A|B] = Z3Ag0)
Pr[“Second Heads”|“First Heads”],
PriX €[2,3]|X €[.2,.3] or X € [.5,.6]].

Total Probability Rule: Pr[A] = Pr[An B]+ Pr[An B]
Pr[“Second Heads”] = Pr[HH] + Pr[HT]
B is First coin heads.
Pr[X € [.45,.55]] = Pr[X € [.45,.50]] + Pr[X € (.50,.55]]
Bis X €0,.5]

Product Rule: Pr[An B] = Pr[A|B]Pr|[B].
Bayes Rule: Pr[A|B] = Pr[B|A]|Pr[A]/Pr|[B].

All work for continuous with intervals as events.
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The exponential distribution with parameter A > 0 is defined by
fx(x) = Ae M 1{x >0}

0, ifx<0
FX(X):{ 1—e ™, ifx>0.
1 4
08 |
ol A=1 Fx(z) o |
0.7 2 )‘u 5 \:.’
06 25
05 Y 2 Fxia)
04
04 ' Fx(x)
02 fx(x) '
0.1 05
05 1|:| 5 05 cl,

Note that Pr[X > t] = e *! for t > 0.
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You break a stick at two points chosen independently uniformly at
random.

What is the probability you can make a triangle with the three pieces?

- o, Let X, Y be the two break points along the
X ! [0,1] stick.

A triangle if

A<B+C,B<A+C,and C<A+B.

If X <Y, this means
X<05 Y<X+.5 Y>05.
This is the blue triangle.

If X > Y, get red triangle, by symmetry.

Thus, Pr[make triangle] = 1/4.



Maximum of Two Exponentials



Maximum of Two Exponentials

Let X = Expo(L) and Y = Expo(u) be independent.



Maximum of Two Exponentials

Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.



Maximum of Two Exponentials

Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.

Calculate E[Z].



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.
One has



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.
One has

Priz<z] = PriX<zY<Z



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.
One has

Priz<z] = PriX<zY<z]=PrIX<Zz]PrlY < Zz]



Maximum of Two Exponentials

Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.

Calculate E[Z].
We compute fz, then integrate.
One has
Priz<z] = PriX<zY<z]=PrIX<Zz]PrlY < Zz]

= (1-e™)(1-e)=



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.
One has

PriZ < Z] PriX<zY<z]=Pr[X<z]Pr]Y < Z]

= (1—e™)(1-e")=1-egt gt e ttW2



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.

One has
Priz<z] = PriX<zY<z]=PrIX<Zz]PrlY < Zz]
= (1—e*)(1—e ") =1—g*?_gH2 g Atp)2
Thus,

f2(z2)=Ae* +ue " —(A+u)e”*+? vz > 0.



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.

One has
Priz<z] = PriX<zY<z]=PrIX<Zz]PrlY < Zz]
_ (1 B e—)LZ)(-I B e—uZ) —1_ e—)Lz B e—uz+e—(l+u)z
Thus,
f2(z2)=Ae* +ue " —(A+u)e”*+? vz > 0.
Since, f§ xAe *¥dx = A[- 2 e e = 1.

E[Z] = /O " 2t,(2)dz =



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.

One has
Priz<z] = PriX<zY<z]=PrIX<Zz]PrlY < Zz]
_ (1 B e—)LZ)(-I B e—uZ) —1_ e—)Lz B e—uz+e—(l+u)z
Thus,
f2(z2)=Ae* +ue " —(A+u)e”*+? vz > 0.
Since, f§ xAe *¥dx = A[- 2 e e = 1.

E[Z] = /O " 2ty(2)dz = ~



Maximum of Two Exponentials
Let X = Expo(L) and Y = Expo(u) be independent.
Define Z = max{X, Y}.
Calculate E[Z].
We compute fz, then integrate.

One has
Priz<z] = PriX<zY<z]=PrIX<Zz]PrlY < Zz]
_ (1 B e—)LZ)(-I B e—uZ) —1_ e—)Lz B e—uz+e—(l+u)z
Thus,
f2(z2)=Ae* +ue " —(A+u)e”*+? vz > 0.
Since, f§ xAe *¥dx = A[- 2 e e = 1.

E[Z] = /O " 2ty(2)dz = ~



Maximum of ni.i.d. Exponentials



Maximum of ni.i.d. Exponentials
Let Xi,...,X, bei.id. Expo(1).



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].
We use a recursion.



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].
We use a recursion. The key idea is as follows:



Maximum of ni.i.d. Exponentials

Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj, Xa,...

Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

7Xn}-



Maximum of ni.i.d. Exponentials

Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj, Xa,...

Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

From memoryless property of the exponential.

7Xn}-



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

From memoryless property of the exponential.
Let then A, = E[Z].



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

From memoryless property of the exponential.
Let then A, = E[Z]. We see that

An - E[min{X‘]’...,Xn}]‘i‘An,‘]



Maximum of ni.i.d. Exponentials

Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj, Xa,...

Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

From memoryless property of the exponential.
Let then A, = E[Z]. We see that

An - E[min{X‘]’...,Xn}]‘i‘An,‘]

1
= —+A._
n"’ n—1

7Xn}-



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

From memoryless property of the exponential.

Let then A, = E[Z]. We see that
An - E[min{X‘]’...,Xn}]‘i‘An,‘]
1
= n +An-1

because the minimum of Expo is Expo with the sum of the rates.



Maximum of ni.i.d. Exponentials
Let Xi,...,X, beiid. Expo(1). Define Z = max{Xj,Xz,..., Xn}.
Calculate E[Z].
We use a recursion. The key idea is as follows:

Z=min{Xy,....,Xp}+maxVYq,..., Yo 1.

From memoryless property of the exponential.
Let then A, = E[Z]. We see that

An - E[min{X‘]’...,Xn}]‘i‘An,‘]

1
= —+A._
n"’ n—1

because the minimum of Expo is Expo with the sum of the rates.

Hence, ] ]



Quantization Noise



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model:



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = UJ0, 1] is the continuous value.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].

Analysis:



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].
Analysis: We see that Z is uniform in [0,a=2"("1)].



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].

Analysis: We see that Z is uniform in [0,a=2"("+1)].

Thus,

& 1.
E[zZ]:gzgz 2(n+1).



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].

Analysis: We see that Z is uniform in [0,a=2"("+1)].

Thus,

& 1.
E[zZ]:gzgz 2(n+1).

The power of the signal X is E[X?] =



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].

Analysis: We see that Z is uniform in [0,a=2"("+1)].

Thus,

o-2(n+1)

a@

The power of the signal X is E[X?] = }.



Quantization Noise

In digital video and audio, one represents a continuous value by a
finite number of bits.

This introduces an error perceived as noise: the quantization noise.
What is the power of that noise?

Model: X = U[0,1] is the continuous value. Y is the closest multiple
of 27" to X. Thus, we can represent Y with n bits. The error is
Z=X-Y.

The power of the noise is E[Z?].

Analysis: We see that Z is uniform in [0,a=2"("+1)].

Thus,

o-2(n+1)

a@

The power of the signal X is E[X?] = }.



Quantization Noise



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.
The signal to noise ratio (SNR)



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.

The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.
The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.

Thus,
SNR = 22(n+1)



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.

The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.

Thus,
SNR = 22(n+1)

Expressed in decibels, one has

SNR(dB) = 10log1o(SNR)



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.

The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.

Thus,
SNR = 22(n+1)

Expressed in decibels, one has



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.

The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.

Thus,
SNR = 22(n+1)

Expressed in decibels, one has



Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.

The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.

Thus,
SNR = 22(n+1)

Expressed in decibels, one has
SNR(dB) =10log1o(SNR) = 20(n+1)log1(2) =~ 6(n+1).

For instance, if n= 16, then SNR(dB) ~ 112dB.
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Geometric and Exponential

The geometric and exponential distributions are similar. They are
both memoryless.

Consider flipping a coin every 1/N second with Pr[H] = p/N, where
N>1.

Let X be the time until the first H.
Fact: X ~ Expo(p).
Analysis: Note that
Pr[X>1t] = Prlfirst Ntflips are tails]
(1= )" ~ ep{—pt}.

Indeed, (1— &)V ~ exp{—a}.



Summary

Continuous Probability




Summary

Continuous Probability




Summary

Continuous Probability

» Continuous RVs are essentially the same as discrete RVs



Summary

Continuous Probability ‘

» Continuous RVs are essentially the same as discrete RVs
» Think that X ~ x with probability fx(x)e



Summary

Continuous Probability ‘

» Continuous RVs are essentially the same as discrete RVs
» Think that X ~ x with probability fx(x)e

» Sums become integrals, ....



Summary

Continuous Probability ‘

» Continuous RVs are essentially the same as discrete RVs
» Think that X ~ x with probability fx(x)e
» Sums become integrals, ....

» The exponential distribution is magical:



Summary

Continuous Probability ‘

» Continuous RVs are essentially the same as discrete RVs
» Think that X ~ x with probability fx(x)e
» Sums become integrals, ....

» The exponential distribution is magical: memoryless.



